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Rationally connected non Fano type varieties
Igor Krylov∗
Abstract
Varieties of Fano type are very well behaved with respect to the MMP, and they
are known to be rationally connected. We study a relation between the classes of
rationally connected varieties and varieties of Fano type. It is known that these classes
are birationally equivalent in dimension 2. We give examples of rationally connected
varieties of dimension > 3 which are not birational to varieties of Fano type, thereby
answering the question of Cascini and Gongyo [2, Question 5.2].
1 Introduction
The log minimal model program (MMP) is one of the key notions in birational geom-
etry. Finding when can we run the MMP for a pair (X,D) (D-MMP) is one of the central
subjects and is still being developed. If X is a variety of Fano type then we can run the
D-MMP on it for any divisor D on X [20, Corollary 2.7]. We say that a normal projective
variety X is of Fano type if there is an effective Q-divisor H on X such that the pair (X,H)
is Kawamata log terminal and −(KX + H) is ample. Varieties of Fano type have been in-
troduced by Shokurov and Prokhorov in [20]. The Fano type property is preserved under
flips and contractions ([20, Lemma 2.8]). Thus if we run the MMP on a variety of Fano
type, then on any stage we have a variety Fano type. In particular the result of running the
MMP on a variety of Fano type is a variety of Fano type. Varieties of Fano type appear
naturally as quotients of Fano varieties by a finite group and as resolutions of some singular
Fano varieties.
It would be nice if we could say if in a given birational class there is a variety which
behaves well with respect to the D-MMP for any divisor D. For example a variety of Fano
type. On the other hand it is known that varieties of Fano type are rationally connected
[27, Theorem 1]. Thus it is natural to ask if the converse is true. Even in dimension 2 it is
not: a blow up of 10 points on P2 in general position is not a variety of Fano type. We may
broaden the converse statement, however.
Question 1 ([2, Question 5.2]). Let X be a rationally connected variety. Is X birationally
equivalent to a variety of Fano type?
∗This is a pre-print of an article published in European Journal of Mathematics. The final version is
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In dimension 2 the answer is positive since every rationally connected surface is rational.
In this paper we construct examples for which the answer is negative in dimension > 3.
Namely the purpose is to prove the following two theorems.
Theorem 1.1. (i) Let W be a generic smooth divisor of degree (2M, 2l) on PM × P1,
M > 3, l > 3. Let σ : V → Pm×P1 be the double cover branched over W . Then every
birational map from V to a variety admitting a Mori fiber space is an isomorphism.
(ii) Let W = (C6 \ Z
(
〈u, v〉 ∩ 〈x, y, z, w〉
)
/(C∗)2, where (C∗)2-action is given by the matrix

 u v x y z w0 0 1 1 2 3
1 1 −3 −3 0 0


and let X ⊂W be the hypersurface of bi-degree (6, 0) given by the equation
Q = w2 + z3 + (u12 + v12)M4(x, y)z +R18(u, v)x
2y2(x− y)2,
whereM4 and R18 are generic homogeneous polynomials of degrees 4 and 18 respectively.
Then every birational map from X to a variety admitting a Mori fiber space is an
isomorphism.
Theorem 1.2. The varieties V and X, described in Theorem 1.1, are not birationally equiv-
alent to a variety of Fano type.
Since V and X are rationally connected (Lemma 5.2) we conclude that the answer to
Question 1 is negative for these varieties.
To prove Theorem 1.1 we use techniques of birational rigidity. We say that a Fano
fibration pi : U → P1 is birationally superrigid if any birational map χ : U 99K Y to a
variety, admitting a Mori fiber space Y → Z, is a fiberpreserving map. That is the following
diagram is commutative
U
χ
//❴❴❴
pi

Y

P1 Z
and χ is an isomorphism on a generic fiber of pi. In particular it means that U is not
birational to a Fano variety with Picard rank 1 or a conic bundle and hence is not rational.
The birational superrigidity is usually proven using Noether-Fano inequality, its origin
is the theorem on generation of the Cremona group Cr2 = Bir(P
2) by PGL3(C) and the
standard quadratic transformation. Let U and U ′ be varieties which admit a Mori fiber
space and suppose χ : U 99K U ′ is a birational map which is not an isomorphism. Then by
Noether-Fano inequality (Proposition 2.8) there is a very singular Q-linear system M on U
which is Q-linearly equivalent to −KU on fibers of pi.
The variety V admits a Fano fibration pi over P1, the map pi is the composition of
the double cover σ and the projection onto P1. Indeed, the restriction of σ to a fiber of pi
is a double cover of PM branched over a hypersurface of degree 2M , thus the fiber of pi is
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a Fano variety. We use the techniques developed in [22] and [24] to prove (i) of Theorem
1.1: we impose generality conditions on the branching divisor which help us to control the
singularities of linear systems.
The variety X admits a del Pezzo fibration of degree 1. Indeed, the variety W in (ii)
of Theorem 1.1 admits a P(1, 1, 2, 3)-fibration over the projective line. Since X is a sextic
in every fiber, this fibration restricted to X is a del Pezzo fibration of degree 1. A smooth
variety admitting a del Pezzo fibration of degree 1 is birationally superrigid if it satisfies
the famous K2-condition, that is K2 is not in the interior of Mori cone [21, Theorem 2.1].
Unfortunately the superrigidity is not enough for us as it allows birational maps which are not
isomorphism to other del Pezzo fibrations of degree 1: fiberpreserving maps. Also X has 36
ordinary double points (Lemma 4.2), thus [21, Theorem 2.1] is not applicable. Furthermore
a priori X may not be Q-factorial. We use Lefschetz-type result ([25, Theorem 4.1]) to prove
that X admits a Mori fiber space over P1.
This allows us to use Noether-Fano inequality. We use the results from [21] and [18] to
show that the linear systems may be sufficiently singular only at the cusps of curves of the
anticanonical degree 1 in a fiber of del Pezzo fibration. Then we prove that all such points
are the ordinary double points of X or of the fibers. We show that the pair (X,M) is not
too singular at these points. At last we conclude that all the birational maps from X to
varieties admitting a Mori fiber space are isomorphisms.
To prove Theorem 1.2, we show that any variety of Fano type is birationally equivalent
to a variety with big anticanonical divisor admitting a Mori fiber space (Proposition 5.1).
On the other hand −KV and −KX are not big (Lemma 3.5 and Lemma 4.6).
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2 Preliminaries
All the varieties in this paper are considered to be normal, projective, and defined over
C unless stated otherwise. We write ∼ (∼Q) for linear (Q-linear) equivalence of divisors
(Q-divisors). All Mori fiber spaces are assumed to be in the Mori category, that is terminal
and Q-factorial. When we say that pi : X → P1 is a Fano (del Pezzo) fibration we assume
that it is a Mori fiber space with a generic fiber being a Fano variety (del Pezzo surface).
Definition 2.1 ([19, p. 6]). Let D be a Q-divisor on a variety X such that KX + D is
Q-Cartier. Let σ : X˜ → X be a birational morphism and let D˜ = σ−1(D) be the proper
transform of D. Then we can write
K
X˜
+ D˜ ∼Q σ
∗(KX +D) +
∑
E
a(E,X,D)E,
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where E runs through all the distinct exceptional divisors of σ on X˜ and a(E,X,D) is
a rational number. The number a(E,X,D) is called the discrepancy of a divisor E with
respect to the pair (X,D).
We say that the pair (X,D) is terminal (resp. canonical, log terminal, log canonical)
at a subvariety Z of codimX Z > 2 if for every birational morphism σ to X the inequality
a(E,X,D) > 0 (resp. a(E,X,D) > 0, a(E,X,D) > −1, a(E,X,D) > −1) holds for every
prime σ-exceptional divisor E such that σ(E) = Z.
Let M be a linear system on X and let λ ∈ Q>0, we say that the pair (X, λM) is
terminal (resp. canonical, purely log terminal, log canonical) if for every subvariety Z ⊂ X
of codimX Z > 2 the pair (X, λD) is terminal (resp. canonical, log terminal, log canonical)
at Z for a generic divisor D ∈M. Note that the system M may consist of only one divisor
D, in this case we say that (X, λD) is terminal (resp. canonical, purely log terminal, log
canonical). If D = 0, we simply say that X has terminal (resp. canonical, log terminal, log
canonical) singularities.
Let D =
∑
αiDi be a divisor on a variety X. We say that the pair (X,D) is klt if it is
purely log terminal and αi < 1 for all i.
Example 2.2. • Consider the pair (S, C), where S is a smooth surface and C ⊂ S is a
smooth curve. Then the pair is canonical at every point of C and is terminal at every
other point.
• Consider the pair (P2,
∣∣L∣∣), where L is a line. Then the pair is terminal at every point
P ∈ P2 since a generic line does not pass through P .
• Let L be the linear system of lines on P2 passing through a point P . Then the pair
(P2,L) is canonical at P and is terminal elsewhere.
Definition 2.3 ([20, Lemma-Definition 2.6]). We say that a variety X is of Fano type if
there exists an effective Q-divisor D on X such that −(KX + D) is Q-Cartier and ample,
and the pair (X,D) is klt.
Example 2.4. (i) The quotient Y = X/G of a Fano variety by a finite group is a variety
of Fano type. Indeed, since KX = f
∗
(
KY +
R
|G|
)
, where R is the ramification divisor,
the divisor −
(
KY +
R
|G|
)
is ample. The pair
(
Y, R
|G|
)
is klt by [15, Proposition 3.16],
hence Y is a variety of Fano type.
(ii) Suppose (S,DS) is a log del Pezzo surface (that is −(KS + DS) is ample) with klt
singularities. Naturally it is of Fano type. Let f : X → S be the minimal resolution
of singularities of S and let D be the proper transform of DS. Then X is also of Fano
type. Indeed we can write
KX +D = f
∗(KS +DS) +
∑
aiEi,
where −1 < ai 6 0, thus F = −(KX +D−
∑
aiEi) is an effective divisor which is the
pullback of an ample divisor. Note that F is not ample because F · Ei = 0. Consider
the pair
(
X,D−
∑
(1− εi)aiEi
)
, for some nonnegative rational numbers εi ≪ 1. Then
the pair is klt and −KX +D −
∑
(1− εi)aiEi is ample.
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(iii) Suppose X is a variety of Fano type. Then there is a divisor D such that −(KX +D)
is ample. Thus −KX is a sum of an ample and an effective divisor, therefore it is big.
Let σ : S → P2 be a blow up of 10 points in general position then −KS is not big,
therefore S is not of Fano type. Note that if the points are not in a general position
then −KS might still be big [26].
Theorem 2.5 (Inversion of adjunction, [13]). Let (X,S + B) be a log pair such that S is
a reduced divisor which has no common component with the support of B, let Sν denote
the normalization of S, and let Bν denote the different of B on Sν. Then (X,S + B) is
log canonical near S if and only if (Sν, Bν) is log canonical. Let S ⊂ X be an irreducible
divisor and let D be an effective Q-Cartier divisor. Assume that KX + S is Q-Cartier and
that the pair (X,S) is purely log terminal. Then the pair (X,S + D) is log canonical in a
neighborhood of S if and only if the pair
(
S,Diff(D)
)
is log canonical.
Remark 2.6. For the definition of the different we refer to [14, Chapter 16]. If X is smooth
in codimension 2, then Diff(D) = D
∣∣
S
by [14, Corollary 16.7] (case 16.6.3, m = 1).
We use Inversion of adjunction to study singularities of pairs as follows. Let F be a
prime normal divisor on a variety X and let Z ⊂ F be a subvariety. Let D be an effective
divisor such that (X,D) is not canonical at some Z ⊂ F . Suppose X is smooth along Z then
(X,D + F ) is not log canonical at Z and X is smooth in codimension 2 in a neighborhood
of Z. Thus by Theorem 2.5 the pair (F,D
∣∣
F
) is not log canonical at Z.
Definition 2.7. Let χ : V 99K V¯ be a birational map between varieties admitting Fano fibra-
tions over the projective line. We say it is fiberpreserving (with respect to these fibrations)
if there is a commutative diagram
V
χ
//❴❴❴
pi

V¯
p¯i

P1 P1,
and χ is an isomorphism on a generic fiber of pi.
Consider a P1-bundle pi : S → P1. We can blow up a point on a fiber F of pi and then
contract the proper transform of F . This is an elementary transformation of P1-bundles and
this is the simplest example of a fiberpreserving map.
The following theorem lets us prove that there are no fiberpreserving maps between
Fano fibrations.
Theorem 2.8 ([5, Theorem 1.5]). Let Z be a smooth curve. Suppose that there is a com-
mutative diagram
V
ρ
//❴❴❴
pi

V¯
p¯i

Z Z
such that pi and p¯i are flat morphisms, and ρ is a birational map that induces an isomorphism
ρ
∣∣
V \X
: V \X → V¯ \ X¯
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where X and X¯ are scheme fibers of pi and p¯i over a point O ∈ Z, respectively. Suppose that
the varieties V and V¯ have terminal Q-factorial singularities, the divisors −KV and −KV¯
are pi-ample and p¯i-ample respectively, the fibers X and X¯ are irreducible, and the variety X
has log terminal singularities. Suppose also that the pair (V, λM) is canonical at subvarieties
of X for every mobile linear systemM and rational number λ such that KV +λM∼Q pi
∗(H)
for some divisor H on Z. Then ρ is an isomorphism.
The proof of Theorem 2.8 repeats the proof of [5, Theorem 1.5] except that we do not
need Inversion of adjunction. Essentially Cheltsov has proven Theorem 2.8 and then applied
Inversion of adjunction to get [5, Theorem 1.5].
Let X and Y be varieties admitting a Mori fiber space. Let χ : X 99K Y be a birational
map which is not an isomorphism. Then, under some conditions on KX , there is a linear
system M on X such that if it is scaled to −KX with the number λ, the pair (X, λM) is
not canonical. These kind of statements are called Noether-Fano inequalities, they originate
from the study of Cremona group by Noether and from the works of Fano. For examples of
such statements see the proofs of [3, Theorem 1.4.1] and [21, Proposition 2.1] or the theorem
above.
I formulate this condition in the following way.
Proposition 2.9 (Noether-Fano inequality). Let pi : X → P1 be a Fano fibration such
that −KX is not big. Suppose that there is a birational map χ : X 99K Y which is not an
isomorphism and suppose Y admits a Mori fiber space. Then there is a mobile linear system
M on X and numbers s, λ ∈ Q>0 such that KX + λM∼Q sF , where F is a fiber of pi, and
the pair (X, λM) is not canonical.
Proof. Let MY be a base point free linear system on Y and let M be its proper transform
on X. Let
W
ϕ
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤ ψ
  ❆
❆❆
❆❆
❆❆
❆
X ❴❴❴ –χ //❴❴❴ Y
be a resolution of the birational map χ. Let MW = ψ
∗(MY ) then for any λ ∈ Q
ϕ∗(KX + λM) +
∑
aiEi ∼Q KW + λMW ∼Q ψ
∗(KY + λMY ) +
∑
bjEj , (1)
where Ei and Ej are the exceptional divisors of ϕ and ψ respectively and ai and bj are the
discrepancies. Note that Y admits a Mori fiber space, therefore Y is terminal, in particular
bj > 0.
Suppose there exists a Mori fiber space piY : Y → Z with dimZ > 0. Let H be a very
ample divisor on Z and let MY =
∣∣pi∗Y (H)∣∣. Then there are rational numbers n > 0 and l
such that M⊂
∣∣− nKX + lF ∣∣.
If n = 0, then Z ∼= P1 and χ is fiberpreserving. Hence by Theorem 2.8 there exists a
mobile linear system L such that KX +λL ∼Q pi
∗(Γ), where Γ is a divisor on Z and (X, λL)
is not canonical. Clearly, pi∗(Γ) ∼Q sF for some s ∈ Q. We claim that s > 0. Indeed, −KX
is not big, hence not in the interior of the closure of the cone of mobile divisors. On the
other hand it is
−KX ∼Q λL − sF.
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The linear systems L and F are mobile and for D ∈ L we have D 6∼Q kF for any k ∈ Q.
Hence if s < 0, then λL − sF is in the interior of the closure of the cone of mobile divisors,
contradiction. Thus L, λ, and s are the required linear system and rational numbers.
Now suppose n > 0. Set λ = 1
n
then KX + λM ∼Q
l
n
F , and l > 0 since −KX is not
big. Let C be a curve in a general fiber of piY , then C · D = 0 for D ∈ MY . We have
C · KY < 0 by definition of a Mori fiber space and ψ
−1(C) · Ej = 0 for all ψ-exceptional
divisors Ej since C is contained in a general fiber. Let us intersect (1) with ψ
−1(C), then
l
n
ψ−1(C) · ϕ∗(F ) +
∑
aiψ
−1(C) · Ei = C ·KY < 0.
The cycle ψ−1(C) is numerically effective since C is numerically effective. Therefore we have
ψ−1(C) · ϕ∗(F ) > 0 and ψ−1(C) · Ei > 0. Thus ai < 0 for some i.
Suppose dimZ = 0, that is Y is a Fano variety with Pic Y ∼= Z. Let MY be a very
ample linear system on Y . Let λ and s be rational numbers such that KX + λM ∼Q sF ,
where F is a fiber of pi. Such numbers exists since otherwise we haveM⊂ lF which implies
that Z ∼= P1. We also have s > 0 because −KX is not big. Thus we may rewrite (1) using
KX + λM∼Q sF
ψ∗(KY + λMY ) ∼Q
∑
(aj − bj)Ej +
∑
aiEi + ϕ
∗(sF ),
where the first sum is over all ψ-exceptional divisors, the second sum is over all ϕ-exceptional
divisors which are not ψ-exceptional, and we set aj = 0 if Ej is not ϕ-exceptional. Note that
the coefficients in the first sum are (aj − bj) since some Ej are exceptional for both ψ and ϕ.
Suppose (X, λM) is canonical, then ai > 0 for all i and therefore
∑
aiEi+ϕ
∗(sF ) is effective.
Thus we may apply negativity lemma [14, Lemma 2.19] to conclude that aj > bj > 0. This
means that all ψ-exceptional divisors are also ϕ-exceptional. Suppose ϕ has K exceptional
divisors and ψ has L exceptional divisors, then we have shown that K > L. We compute
rkPicW in two different ways to arrive to a contradiction
2 + L 6 2 +K = rkPicX +K = rkPicW = rkPic Y + L = 1 + L.
Remark 2.10. We can see from the proof that Proposition 2.9 holds under weaker assump-
tions. We say that X satisfies K-condition if −KX is not in the interior of the closure of
the cone of mobile divisors. If −KX is not big, that is, −KX is not in the interior of the
closure of the cone of effective divisors, then X satisfies K-condition. The converse does
not hold. The K-condition typically appears when one studies birational rigidity of Fano
fibrations. In Proposition 2.9 we may replace the requirement for −KX to not be big with
the K-condition.
3 Example in dimension > 4
In this section we construct examples in dimension > 4 and prove Theorem 1.1, (i).
Let W be a generic smooth divisor of bi-degree (2M, 2l) on PM × P1, M > 3, l > 3.
Let σ : V → PM × P1 be the double cover branched over W . The variety V is smooth
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because W is smooth and Pic(V ) = Z ⊕ Z by Lefschetz hyperplane section theorem. Let
pi : V → P1 be the composition of g and the projection onto P1. The restriction of σ to any
fiber F of pi is the double cover of PM branched over a hypersurface of degree 2M , therefore
F is a Fano variety. Thus pi : V → P1 is a Mori fiber space.
The superrigidity of the variety V has been considered in [23, Theorem 1]. It was shown
that if V satisfies the generality conditions from [23], then for every variety Y admitting a
Mori fiber space p¯i : Y → Z and birational to V and every birational map χ : V 99K Y , we
must have Z = P1 and χ is fiberpreserving with respect to pi and p¯i. But we need more than
this as we do not know how do fiberpreserving maps affect the canonical class.
We now describe some sufficient conditions on the branching divisor (modification of
those in [22, p. 22-23]) which let us control the singularities of linear systems on double
covers of PM . Then we show that the locus of hypersurfaces of degree 2M not satisfying
these conditions is of codimension at least 2. As a generic curve in the space of hypersurfaces
of degree 2M does not pass through this locus, every fiber of pi satisfies these conditions.
Let WX ⊂ P
M be a hypersurface of degree 2M , M > 3. For a nonsingular point
x ∈ WX fix a system of affine coordinates z1, . . . , zM on P
M with the origin at x and set
q1 + q2 + · · ·+ q2M = 0
to be the equation of the hypersurface WX in these affine coordinates, where qi = qi(z) are
homogeneous polynomials of degree deg qi = i. We can assume that q1 = z1 since WX is
smooth at x. Denote
q¯i = q¯i(z2, . . . , zM) = qi
∣∣
{z1=0}
= qi(0, z2, . . . , zM).
Condition 3.1. If M > 5, then WX satisfies the condition at a smooth point x if the rank
of the quadratic form q¯2 is at least 2.
For M = 4 we need either
(i) The rank of the quadratic form form q¯2 is at least 2
(ii) or the rank of q¯2 is 1 and the following additional condition is satisfied. Without
loss of generality we assume that q¯2 = z
2
2. We require that one of the polynomials
q¯3(0, z3, 0) = q3(0, 0, z3, 0) or q¯4(0, z3, 0) is not zero.
Suppose M = 3. Then we require either
(i) The rank of the quadratic form form q¯2 is at least 2,
(ii) the rank of q¯2 is 1 and the following additional condition is satisfied. Without loss of
generality we assume that q¯2 = z
2
2 . We require that at least one of the polynomials
q¯3(0, z3), q¯4(0, z3), or q¯5(0, z3) is not zero,
(iii) or the rank of q¯2 is 0 and the polynomial q¯3(1, t) has 3 distinct roots.
The variety WX satisfies the condition if it satisfies condition at every nonsingular
point and Sing(WX) is empty or is a unique ordinary double point.
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Let σ : X → PM be the double cover branched over a hypersurface WX . The variety X
satisfies the condition if WX satisfies the condition. Note that X is smooth or has a unique
ordinary double point, which is the preimage of the ordinary double point on the branching
divisor.
Lemma 3.2. Let σ : X → PM be the double cover branched over a hypersurface of degree
2M . Suppose X satisfies Condition 3.1, then
Cl(X) = Pic(X) = HZ,
where H ∈
∣∣−KX ∣∣.
Proof. First, note that by Hurwitz formula H is a pullback of a hyperplane on PM . If X is
smooth, then the statement of the lemma follows from Lefschetz hyperplane section theorem.
Suppose X has a unique ordinary double point and suppose dimX = 3, then the same is
due to [7] (or we could use [25, Theorem 4.1]). If dimX > 3, then [4, Lemma 28] implies
the statement of the lemma.
The following theorem is a stronger version of [24, Theorem 4].
Theorem 3.3. Let σ : X → PM be the double cover branched over a hypersurface of degree
2M . Suppose X satisfies Condition 3.1. Then for every effective divisor D ∈
∣∣ − nKX∣∣ the
pair
(
X, 1
n
D
)
is canonical for any positive n ∈ Z.
Proof. Suppose D is a reducible divisor, that is D = D1+D2. By Lemma 3.2 we may assume
Di ∈
∣∣−niKX ∣∣ for some positive ni ∈ Z, i = 1, 2. Clearly n1+n2 = n. Suppose the theorem
holds for
(
X, 1
ni
Di
)
, i = 1, 2. Note that if the pairs (X,F ) and (X,F ′) are canonical then so
is the pair (
X,αF + (1− α)F ′
)
for 0 6 α 6 1. Set F = 1
n1
D1, F
′ = 1
n2
D2, and α =
n1
n
, then we see that
αF + (1− α)F ′ =
1
n
D1 +
1
n
D2 =
1
n
D.
Hence the theorem holds for the pair
(
X, 1
n
D
)
. Thus it is enough to prove the theorem for
irreducible divisors D.
It follows from [24, Proof of Theorem 4, page 11] that
(
X, 1
n
D
)
is canonical at the
ordinary double point. By [22, p. 23-24] the pair
(
X, 1
n
D
)
may only be singular at the
nonsingular points on the ramification divisor. Let x ∈ X \ Sing(X) be a point on the
ramification divisor. Let WX be the branching divisor of the double cover σ : X → P
M . Let
A be the hyperplane in PM tangent to WX at the point σ(x) ∈ WX . Denote σ
−1(A) as H .
It was shown in [22, Proof of Lemma 5, p. 29-30] that the pair
(
X, 1
n
D
)
is canonical at x,
unless D = H . In this case n = 1, since by Hurwitz formula H ∈
∣∣−KX ∣∣.
We have not used the Condition 3.1 yet. If rank(q¯2) > 2, then by [22, p. 29-30] the
pair (X,H) is canonical at x. This proves the theorem for M > 5.
Suppose M = 4 and rank q¯2 = 1, then the local equation of H at x is
y2 = z22 + c1z
3
3 + c2z
4
3 + z4(. . . ),
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As either c1 or c2 is not zero, x ∈ H is a singularity of the type cA3 at worst. Thus H has
terminal singularities and (X,H) is canonical.
Now suppose M = 3 and q¯2 = z
2
2 . It follows from the Condition 3.1 that the local
equation of H is y2 = z22 + z
3
3 , y
2 = z22 + z
4
3 , y
2 = z22 + z
5
3 , or y
2 = z2(z
2
2 + z
2
3) thus x is a Du
Val singularity, H has canonical singularities, and therefore the pair (X,H) is canonical.
It was proven in [22, Proposition 5], that a generic hypersurface WX of degree 2M
satisfies Condition 3.1. Thus a generic fiber of pi satisfies Condition 3.1 for a generic W . We
want every fiber of pi to satisfy Condition 3.1.
Proposition 3.4. Let W be the space of all hypersurfaces of degree 2M in PM . Denote
the space of all hypersurfaces satisfying Condition 3.1 by Wreg ⊂ W. If M > 3 then the
codimension of W\Wreg is 2.
Proof. It is classically known that the codimension of the locus of hypersurfaces with 2 or
more ordinary double points or with worse singularities is 2. Thus it is enough to prove
that the space of hypersurfaces which do not satisfy Condition 3.1 at nonsingular points has
codimension > 2.
Clearly, W = H0
(
PM ,O(2M)
)
. Let V = PM ×W and let I be the incidence hyper-
surface in it
I = {(x,Q) ∈ V | Q(x) = 0}.
Let p and q be the natural projections p : I → PM and q : I → W. Let Y be the subset of
“bad” pairs, that is
Y = {(x, F ) ∈ I |F is smooth at x and F does not satisfy Condition 3.1 at x}.
To prove the proposition it is enough to show that codim q(Y ) > 2. To show this it is
sufficient to prove that for any x ∈ PM .
codimp−1(x) p
−1(x) ∩ Y = codimI Y >M + 1
since the dimension of a fiber of q is M − 1.
Consider the equation of F in affine coordinates in the neighborhood of a point x
Qx = q1 + q2 + · · ·+ q2M = 0,
where qi is a homogeneous polynomial of degree i. The hypersurface F is smooth at x if and
only if q1 6= 0. Thus we may assume that q1 = z1 and take q¯2 = q2(0, z2, . . . , zM). The set of
quadratic forms of rank 6 1 in the variables z2, . . . , zM is of codimension
c(M) =
(M − 1)(M − 2)
2
.
WhenM > 5 we have c(M) > M+1. SupposeM = 4. As the conditions q¯3(0, z3, 0) = 0 and
q¯4(0, z3, 0) = 0 add 2 to the codimension, the codimension is c(4)+2 = 5. Similarly ifM = 3
the variety of hypersurfaces with rank(q¯2) = 1 satisfying the conditions: q¯3(0, z3) = 0,
q¯4(0, z3) = 0 and q¯5(0, z3) = 0, is of codimension 4. On the other hand, the variety of
hypersurfaces with q¯2 = 0 is of codimension 3 and the condition on q¯3(1, t) = 0 having a
multiple root, adds 1 to the codimension.
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Lemma 3.5. Suppose V is the variety from Theorem 1.1, (i), then −KV is not big.
Proof. It is easy to compute that
−KV = g
∗(L),
where L is a divisor of bi-degree (1, 2− l), l > 3. Thus −KV is not big.
Proof of Theorem 1.1 (i). Let pi : V → P1 be the composition of the double cover and the
projection onto P1. There is a map p¯i : P1 → W corresponding to the fibration pi: p¯i maps
t ∈ P to the branching divisor of the double cover Ft → P
M , where Ft is the fiber over
t. The image p¯i(P1) is a curve of degree 2l since W is a divisor of bi-degree (2M, 2l). By
Proposition 3.4 the codimension of the set of hypersurfaces which do not satisfy Condition
3.1 is 2, therefore a generic rational curve of degree 2l does not intersect this set. Thus for
a generic divisor W every fiber of pi satisfies Condition 3.1.
Let χ be a birational map to a variety admitting a Mori fiber space. Suppose χ is not
an isomorphism. Proposition 2.8 is applicable since −KV is not big by Lemma 3.5. Thus
there is a linear system M and rational numbers λ, s such that KV + λM ∼Q sF and
(V, λM) is not canonical. Suppose the pair is not canonical at Z. Suppose Z is in a fiber
F of pi. Then (F, λM
∣∣
F
) is not log canonical at Z by Remark 2.6. Since λM
∣∣
F
∼Q −KF it
contradicts Theorem 3.3. Thus Z is not in any fiber of pi. Consider a generic fiber F of pi,
then (F, λM
∣∣
F
) is not canonical at Z ∩ F . This also contradicts Theorem 3.3, thus χ is an
isomorphism.
4 Example in dimension 3
In this section we construct an example in dimension 3 and prove Theorem 1.1, (ii).
Let Y = (C6 \ Z
(
〈u, v〉 ∩ 〈x, y, z, w〉
)
/(C∗)2, where the (C∗)2-action is given by the
matrix

 u v x y z w0 0 1 1 2 3
1 1 −3 −3 0 0


and let
Q = w2 + z3 + (u12 + v12)M4(x, y)z +R18(u, v)x
2y2(x− y)2,
where M4 and R18 are homogeneous polynomials of degrees 4 and 18 respectively. Let L
be the set of hypersurfaces given by Q = 0 for all the different M4 and R18. Clearly L is
a linear system of divisors. Let X be a generic variety in L. The variety Y is a projective
simplicial toric variety with the Cox ring C[u, v, x, y, z, w]. This ring has 2 gradings given by
the matrix above. Divisors in Y are the zero sets of homogeneous polynomials in the Cox
ring. The grading of the Cox ring defines the degree of divisors on X, for example
degX = degQ = (6, 0).
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Let piY : Y → P
1 be defined by
(u : v : x : y : z : w) 7→ (u : v),
clearly, this map is a P(1, 1, 2, 3)-fibration. Let pi = piY |X , then a generic fiber of pi is del
Pezzo surface of degree 1. Indeed, for a fixed (u : v) the fiber is a hypersurface of degree 6
in P(1, 1, 2, 3) which is a del Pezzo surface of degree 1.
Denote the torus-invariant divisor given by α = 0, α ∈ Θ = {u, v, x, y, z, w}, asDα, and
note that Du ∼ Dv ∼ F , where F is a fiber of piY . It is easy to see that Cl(Y ) = DyZ⊕FZ.
Lemma 4.1. Let F be a fiber of piY : Y → P
1 and suppose X ∈ L. Then
(i)
∣∣X∣∣ = ∣∣6Dy + 18F ∣∣ is base point free,
(ii) X + F is ample,
(iii) X is big.
Proof. The equation of D ∈
∣∣X∣∣ may contain monomials: w2, z3, x6u18, x6v18, y6u18, and
y6v18 which are not all equal zero at the same time at any point on Y , thus (i) holds.
Suppose C is a curve in a fiber then
C · (X + F ) = C ·X = C ·X
∣∣
F
= deg
(
OP(1,1,2,3)(6)
)∣∣
C
> 0.
Suppose a curve C is not in a fiber. Then since
∣∣X∣∣ is base point free
C · (X + F ) > C · F > 0.
Thus X + F is ample by Kleiman criterion.
Clearly 2X ∼ (X + F ) + (6Dy + 17F ), hence (iii) follows from (ii).
Lemma 4.2. Let X be a generic divisor in a linear system L. Then the following assertions
hold:
(i) There are 108 cuspidal curves of anticanonical degree 1 in fibers of pi: 72 of them are
given by the equations R18 = M4 = 0, the other 36 curves are given by u
12 + v12 = 0
and x = 0, y = 0, or x = y.
(ii) Let F be a fiber of pi and let C ⊂ F be one of the 72 curves. Let P be the cusp of C,
then P is an ordinary double point of F .
(iii) Let C be one of the 36 curves and let P be the cusp of C. Then P is an ordinary double
point of X.
(iv) The variety X is smooth outside of the 36 ordinary double points described in (iii).
Proof. A fiber of pi is defined by the ratio (u : v) and curves of degree 1 in it by (x : y).
Once these ratios are fixed the curve is given by the equation
w2 + z3 + a1s
4z + a0s
6 = 0
12
in a weighted projective space P(1s, 2z, 3w). Note that the coefficient at z
2 is zero for every
fiber, therefore the curve is cuspidal if and only if a1 = a0 = 0, that is if and only if
R18(u, v)x
2y2(x− y)2 = 0,
(u12 + v12)M4(x, y) = 0.
As R18 and M4 are generic we must have R18 = 0 and M4 = 0 (72 curves) or u
12 + v12 = 0
and x2y2(x− y)2 = 0 (36 curves), thus (i) holds. Note that the cusps of these curves are at
w = z = 0.
The local equation of X at the cusp of one of the 72 curves is
w2 + z3 + zs(x, y) + t(u, v) = 0,
where t is a linear factor of R18 and s is a linear factor of M4. Clearly the fiber t = 0 has an
ordinary double point at w = z = s(x, y) = 0.
If C is one of the 36 curves, then the local equation of X at the cusp of C is
w2 + z3 + zt(u, v) + s2(x, y) = 0,
where s = x, s = y, or s = x − y and t is a linear factor of u12 + v12. Clearly X has an
ordinary double point at w = z = t(u, v) = s(x, y) = 0.
Note that X does not pass through the singular locus of Y . Suppose X is singular at
the point P with coordinates (x, y, z, w, u, v). Then, clearly w = 0. By Bertini’s theorem
[15, Theorem 4.1] the point P is a base point of L.
There is a polynomial t ∈ C[u, v] of degree 1 such that t 6= 0 at P . Let Xt ∈ L be a
variety with R18 = t
18. Suppose xy(x− y) 6= 0 then for some c ∈ C the point P does not lie
on Xct. Thus x = 0, y = 0, or x = y.
Suppose z(u12 + v12) 6= 0 at P . Then repeating the argument for some polynomial
s ∈ C[x, y] of degree 1 and M4 = (cs)
4 we conclude that P is not a base point of L. Thus
z = 0 or (u12 + v12) = 0. Since the polynomial M4 is generic, we may assume that M4 6= 0
at P . Therefore (u12 + v12) = 0 if and only if z = 0, because
∂QP
∂z
= 3z2 + (u12 + v12)M4(x, y) = 0.
Thus every singular point must satisfy w = z = u12 + v12 = xy(x− y) = 0. There are
36 points satisfying these equations and they are described in (iii). Note that there are 3
ordinary double points in the fiber t(u, v) = 0, where t is a linear factor of u12 + v12.
We now prove that the fibration pi : X → P1 is a Mori fiber space. We already know
that X is terminal and that a generic fiber is a del Pezzo surface. Thus we only need to
show that it is Q-factorial and that the relative Picard rank ρ(X/P1) = 1.
Let U = Y \Sing(Y ) and let i : U → Y be the inclusion map, then denote Ω¯1Y = i∗(Ω
1
U ).
Theorem 4.3 ([25, Theorem 4.1]). Let Y be a Cohen-Macaulay fourfold and let X ⊂ Y be a
hypersurface such that Sing(Y )∩X = ∅ and Sing(X) consists only of ordinary double points.
Let X˜ be the resolution of X obtained by blowing up the ordinary double points. Let µX be
the number of singular points on X and let ISing(X) be the sheaf of ideals on Y of singular
points of X. Assume that the following conditions are satisfied:
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(i) H i
(
Y,OY (−2X)
)
= 0 for i = 1, 2, 3;
(ii) H i
(
Y,OY (−X)
)
= 0 for i = 1, 2, 3;
(iii) H i
(
Y, Ω¯1Y ⊗OY (−X)
)
= 0 for i = 1, 2, 3;
(iv) H2(Y, Ω¯1Y ) = 0.
Denote δX = h
0
(
Y,O(KY + 2X)⊗ ISing(X)
)
−
(
h0(Y,O(KY + 2X))− µX
)
. Then
h1,1(X˜) = h1(Y, Ω¯1Y ) + µX + δX .
The number h0
(
Y,O(KY +2X)⊗ISing(X)
)
is the dimension of the space of the divisors
D such that D ∼ KY +2X and Sing(X) ⊂ Supp(D). The number h
0(Y,O(KY +2X))−µX
is the expected dimension of that space, that is the dimension if the singularities of X are
in a general position. Thus the number δX is the difference between the expected and the
actual dimension of the space and is always non-negative. It is known as the defect of a
hypersurface [25].
Lemma 4.4. For a generic X ∈ L the defect δX = 0.
Proof. Since −KY is the sum of the torus-invariant divisors we have
degKY = (−1− 1− 2− 3,−1− 1 + 3 + 3) = (−7, 4),
hence KY ∼Q −7Dy−17F as degDy = (1,−3). Let Pi, i = 1, . . . , 36, be the ordinary double
points of X. It is enough show that there are divisors
Hi ∈
∣∣2X +KY ∣∣ = ∣∣5Dx + 19F ∣∣, i = 1 . . . 36,
such that Pj ∈ Hi for any j 6= i and Pi 6∈ Hi. Let Fk be the fibers containing the singular
points of X, there are 12 of them, since there are 3 ordinary double points in each Fk. Let
Dx−y be the divisor defined by y = x. Taking 11 fibers Fk and 2 divisors out of Dx, Dy,
Dx−y we get a divisor H
′
i linearly equivalent to 2Dx + 11F passing through any 35 singular
points out of 36. The divisor A given by the equation (x− 2y)3u8 does not pass through the
singular points of X, therefore we may set Hi = H
′
i + A.
Proposition 4.5. Suppose X ∈ L is generic. Then X is Q-factorial and
PicX ⊗Q =
(
Dy
∣∣
X
)
Q⊕ FQ,
where F is a fiber of pi.
Proof. Let us show that X and Y satisfy the conditions of Theorem 4.3. By Lemma 4.1
the divisor X is big and nef, therefore the toric Kawamata-Viehweg vanishing theorem ([8,
Theorem 9.3.10]) implies H i
(
Y,OY (KY + 2X)
)
= 0, i > 0. Thus by the toric Serre Duality
theorem ([8, Theorem 9.2.10]) we have (i). Using the same argument we get (ii).
As Cl(Y ) ∼= Z⊕ Z the following sequence is exact by [8, Theorem 8.1.6].
14
0→ Ω¯1Y (−X)→
⊕
α∈Θ
OY (−Dα −X)→ OY (−X)⊕OY (−X)→ 0.
By taking associated long exact sequence of cohomologies and applying (ii) we get
0→ H i
(
Y, Ω¯1Y (−X)
)
→
⊕
α∈Θ
H i
(
Y,OY (−Dα −X)
)
, i = 1, 2, 3.
It is enough to prove that H i
(
Y,OY (−Dα−X)
)
= 0 for all s ∈ Z, i = 1, 2, 3. If s ∈ u, v, z, w
then Dα + X is big and nef, therefore by Serre duality and Kawamata-Viehweg vanishing
H i
(
Y,OY (−Dα −X)
)
= 0. Let F be a fiber of pi. Then OF (F ) ∼= OF and the sequence
0→ OY → OY (F )→ OF → 0
is exact. Hence the sequences
H i(Y,OY )→ H
i
(
Y,OY (F )
)
→ H i(F,OF ), i = 1, 2, 3
are exact. Applying [8, Theorem 9.3.2] we see that
H i(Y,OY ) = H
i(F,OF ) = 0, i = 1, 2, 3,
hence H i
(
Y,OY (F )
)
= 0. As −X −Dy ∼Q −X −Dy ∼Q KY − F by toric Serre duality
H i
(
Y,OY (−Dx −X)
)
∼= H4−i
(
Y,OY (F )
)
= 0.
The condition H2(Y, Ω¯1Y ) = 0 is satisfied because Y is a complete toric simplicial variety.
Let X˜ be the resolution of X acquired by blowing up the 36 double points. We have
shown X and Y satisfy the requirements of Theorem 4.3 therefore rkPic(X˜) = 38. On the
other hand rkPic(X˜) > rkCl(X) + 36, thus rkPic(X) = rkCl(X) = 2 and X is Q-factorial.
Clearly, the divisors Dy
∣∣
X
and F
∣∣
X
are generators.
Lemma 4.6. The anticanonical class of the variety X is not big.
Proof. We have KY = −7Dy − 17F , therefore by adjunction the anticanonical class of X is
−KX = Dy
∣∣
X
− F
∣∣
X
. Thus
∣∣− nKX∣∣ = ∅ for any n > 0.
Lemma 4.7 ([18, Proposition 3.2]). Let F be a del Pezzo surface of degree 1 and let C ∈∣∣ −KF ∣∣ be an irreducible curve. Suppose (F,C) is not log canonical at P and F is smooth
at P . Then C is a cuspidal rational curve.
Lemma 4.8 ([9, proof of Theorem 3.10]). Let X be a 3-dimensional variety and let D
be an effective Q-Cartier divisor on X. Suppose P ∈ X is an ordinary double point, let
f : X+ → X be the blow up of P , and let E be the exceptional divisor. Let M be a mobile
linear system on X, then the pair (X, λM) is not canonical at the point P if an only if
a(E,X,D) < 0.
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The theorem we refer to ([9, Theorem 3.10]) states that the only extremal contraction
to the ordinary double point in the category of terminal Q-factorial varieties is the blow up
of the ordinary double point. To show this Corti proves that a(F,X, λM) is minimal if and
only if F = E, which implies Lemma 4.8.
Proof of Theorem 1.1 (ii). Let χ be a birational map to a variety admitting a Mori fiber
space and suppose χ is not an isomorphism. Let F be a fiber of pi. Then by Proposition
2.8 there is a linear system M and numbers λ, s ∈ Q>0 such that KX + λM ∼Q sF and
(X, λM) is not canonical.
Suppose the pair is not canonical at a curve C, then multC λM > 1. Suppose C ⊂ F
for some fiber F and let D be a generic divisor in M. Then we have λD|F = C +C
′, where
C ′ is effective. Thus
D · F · (−KX) > C · (−KX)
since −KX is pi-ample. Since Sing(X) consists of only ordinary double points, the variety X
is Gorenstein, in particular KX is a Cartier divisor. Thus C · (−KX) = k > 1, k ∈ Z. On
the other hand
λD · F · (−KX) = K
2
X · F = 1
since pi : X → P1 is a del Pezzo fibration of degree 1. Combining it all together we get
1 = λD · F · (−KX) > C · (−KX) > 1,
contradiction.
Suppose C is not in any fiber, then for a generic fiber F let P ∈ F ∩ C. Since F
is generic and M is mobile, the system M
∣∣
F
does not have fixed components. Clearly
multP λM
∣∣
F
> 1, but for generic curves Z1, Z2 ∈M
∣∣
F
we have
1 = λ2Z1 · Z2 > λ
2(Z1 · Z2)P >
(
multP λM
∣∣
F
)2
> 1,
where the first equality holds since F is a del Pezzo surface of degree 1.
Thus the pair is not canonical at some point P . Let F be the fiber containing P , let
f : X+ → X be the blow up of P , let E be the exceptional divisor of f , let D+ be the proper
transform of D, and let a be the number defined by the equality f ∗(λD) = λD+ + aE. Let
C be a generic curve in
∣∣− 2KF ∣∣ passing through P and let C+ be its proper transform on
X+. Note that λD · C = −2K2F = 2.
Suppose P is an ordinary double point of X. Then
KX+ + λD
+(a− 1)E ∼ f ∗(KX + λD),
and a > 1 by Lemma 4.8. The surface F is singular at P since F is a Cartier divisor on X.
The inequality C+ · E > 2 holds since F is singular at P and C is a Cartier divisor on F ,
therefore
0 6 λD+ · C+ = f ∗(λD) · C+ − aC+ · E = λD · C − 2a = 2− 2a < 0
contradiction.
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Thus X is smooth at P . Then a = multP λD > 1 since the pair (X, λD) is not
canonical at P . Suppose P is a singular point of F . The inequality C+ ·E > 2 holds again,
therefore
0 6 λD+ · C+ = f ∗(λD) · C+ − aC+ · E 6 λD · C − 2a = 2− 2a < 0,
contradiction.
Thus we may assume that F is also smooth at P . Let D be a generic divisor in a
linear system M. Then the pair (F, λD
∣∣
F
) is not log canonical at P by Remark 2.6. Let
C ∈
∣∣−KF ∣∣ be the curve passing through P . By construction C is smooth or nodal, therefore
(F,C) is log canonical. Let A ∈
∣∣− nKF ∣∣ such that Supp(A) does not contain C. Then
multP A 6 A · C = n,
hence the pair (F, 1
n
A) is log canonical at P . Therefore
(
F, αC + 1−α
n
A
)
is log canonical at
P for any 0 6 α 6 1. In particular (F, λD
∣∣
F
) is log canonical, contradiction.
Remark 4.9. It was shown in [6, Corollary 7.5] that a del Pezzo fibration pi : X → P1 of
degree 1 is birationally rigid if for every del Pezzo fibration piY : Y → P
1, such that there
is a fiberpreserving birational map χ : X 99K Y , the variety Y satisfies the K-condition. It
is unclear how to check the requirements of the corollary and there are no known examples
of varieties satisfying this property. The variety X from Theorem 1.1 satisfies this property
trivially, however: pi : X → P1 is a unique del Pezzo fibration in the birational class and X
satisfies the K-condition.
5 Rationally connected non-Fano type varieties
In this section we prove Theorem 1.2 and discuss generalizations.
Proposition 5.1. Let X be a variety of Fano type. Then there is a variety V admitting a
Mori fiber space such that V is birational to X and −KV is big.
Proof. There is an effective divisor D on X such that −(KX+D) is ample and (X,D) is klt.
Since −KX is a sum of an effective and an ample divisor it is big. If X is not Q-factorial we
may replace it by its Q-factorization Y ([1, Corollary 1.4.3]). Note that there is a morphism
g : Y → X which is an isomorphism in codimension 1, therefore −KY is big and (Y,DY )
is klt, where DY is the proper transform of D on Y . If X is Q-factorial, set Y = X. Since
−KY is Q-Cartier and (Y,DY ) is klt, the variety Y has log terminal singularities. There
is a terminalization morphism f : Z → Y , that is a birational morphism such that Z has
terminal singularities and all exceptional divisors Ei of f satisfy a(Ei, Y ) 6 0 ([1, Corollary
1.4.3]). The anticanonical class of Z is big since
−KZ = −f
∗KY −
∑
a(Ei, Y )Ei.
Suppose V is a result of running the MMP on Z. We claim that −KV is big. Indeed, for a
divisorial contraction h : W → U with the exceptional divisor E we can write
−h∗KU = −KW + aE, a > 0,
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hence −KU is big if −KW is big. Isomorphisms in codimension 1 preserve the property
of divisors being big, therefore the anticanonical class is big on every step of the MMP, in
particular −KV is big. The variety X is rationally connected by [27, Theorem 1] therefore
V admits a Mori fiber space.
Proof of Theorem 1.2. Suppose X (or V ) is birational to a variety of Fano type. Then by
Proposition 5.1 the variety X (resp. V ) is birational to a variety Y admitting a Mori fiber
space and satisfying −KY is big. Theorem 1.1 implies Y ∼= X (resp. Y ∼= V ) but −KX
(resp. −KV ) is not big by Lemma 4.6 (Lemma 3.5), contradiction.
Lemma 5.2. The varieties V and X described in Theorem 1.1 are rationally connected.
Proof. Since V and X are Fano fibrations over P1 they are rationally connected by [17,
Theorem 0.1] and [10, Corollary 1.3].
Thus the varieties V and X are examples of rationally connected varieties which are
not birational to varieties of Fano type.
Remark 5.3. We could also construct an example by using fibrations onto Fano hyper-
surfaces of index one. But it is more tiresome and provides examples only for dimension
> 9.
Remark 5.4. While this paper have been under review other examples in dimension three
have been constructed in [16]. The example there are conic bundles with sufficiently big
discriminant curve. More precisely, Kolla´r gives examples of rationally connected threefolds
which are not birational to Calabi-Yau pairs.
Remark 5.5. We can run D-MMP on a Mori dream space for any divisor D which is not nef
[12, Proposition 1.11]. Thus, we have another class of varieties which behave very well under
the D-MMP. It has been proven in [1, Corollary 1.3.1], that every Q-factorial variety of Fano
type is a Mori dream space. The converse is not true even for smooth Mori dream spaces:
there exists a smooth rational Mori dream space of dimension 2 which is not of Fano type
[26, Section 3]. In fact, a Q-factorial normal projective variety is of Fano type if and only
if it is a Mori dream space and spectrum of its Cox ring has only log terminal singularities
[11, Theorem 1.1]. One could ask Question 1 for Mori dream spaces instead of varieties of
Fano type. We expect that our examples in dimension > 4 are Mori dream spaces but we
do not know anything about dimension 3.
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